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Abstract 
The bubble attachment onto a collecting surface is a common natural phenomenon and the bubble-particle 
interactions are used in numerous industrial applications. The adhesion process between a small single rising bubble 
and a stationary solid particle with hydrophobic surface in stagnant liquid is studied in this project. The real particle is 
replaced by a prism with an inclined plane representing a spherical particle with infinite diameter. Experiments were 
performed using a freely rising bubble method. The influence of bubble size and type of bubble surface mobility was 
studied and described both experimentally and theoretically. The molecular-kinetic and hydrodynamic models were 
used for theoretical description of the TPC expansion. According to our results, hydrodynamic model is not 
appropriate for the TPC line calculation. The value of its adjustable parameter is not in accordance with physical 
assumption. The molecular-kinetic model gives better results. Two adjustable parameters (the frequency of the 
molecular displacement and the average jumping distance) were calculated and their values correspond to the 
physical assumptions. It was found that the bubble size is the most important parameter influencing the TPC line 
expansion. The influence of bubble surface mobility is surprisingly low. Only the frequency of the molecular 
displacement differs for bubbles with mobile or immobile surface. This conclusion corresponds to the theoretical 
assumption that the presence of surface active agents decelerates the bubble motion. 
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1. Introduction 
The bubble attachment onto a collecting surface is a common natural phenomenon and the bubble-
particle interactions are used in numerous industrial applications. Namely in the flotation which is 
undoubtedly one of the most important processes of minerals treatment. From the 70th of the 19th century 
many studies of processes of mineral flotation were performed and published [1]. The classic separation 
of mineral ores or coal is based on a process where large bubbles interact with small particles. A basic 
principle of a flotation method was applied also in another industrial branch. The flotation of plastic 
materials was described [2] in the 70th of the 20th century. This separation is based on interactions of 
small bubbles and large particles. The aim of this work is to broaden the knowledge of the hydrodynamic 
interactions that occur between bubbles and solids of a comparable size. For efficient bubble-particle 
capture, a sufficiently close encounter is required. The process is initially controlled by the hydrodynamics 
governing bubble-particle approach in the liquid phase. As the particle and bubble come closer, the influence 
of intermolecular and interfacial forces increases. The liquid film between the bubble and particle surfaces 
begins to drain away, causing the film to rupture. The three-phase contact line becomes larger until a stable 
wetting perimeter is established. The process of bubble-particle interaction was first described by 
Derjaguin and Dakhin [3] and it is divided into three steps: (i) collision - approach of the bubble and the 
particle to the contact distance; (ii) attachment - adhesion of the particle to the bubble surface when the 
particle is smaller than the bubble, or adhesion of the bubble to the particle surface when the bubble is 
smaller than the particle [4]. The attachment process begins with the drainage and rupture of the liquid 
film, and continues with contact line movement; (iii) stability - detachment of the bubble from the particle 
surface occurs when the bubble-particle aggregate is unstable.  
An adhesion process involves the thinning of the liquid film, the rupture of the film and the expansion 
of the TPC. Firstly, the thinning of the liquid film is driven by the viscosity of the liquid. By the critical 
thickness of the film, the TPC line velocity can be influenced also by an intermolecular forces acting 
between the molecules of the liquid and the solid particle. The rupture of the liquid film occurs only in the 
case of the particle hydrophobic surface. There are two theories which describe this adhesion step. The 
first one is based on thermal fluctuations at the liquid-gas interface [5]. In the presence of the attractive 
forces fluctuations are supported and it leads to the rupture. The second theory is based on density 
fluctuations within the liquid film close to the liquid-solid interface [6]. Small gas bubbles appear and the 
liquid film therefore ruptures. According to this theory the attractive forces are not responsible for the 
rupture. From the flotation point of view the rupture of the liquid film proceeds only by second described 
approach. After the rupture the liquid phase starts to drainage from the particle surface. It is caused by the 
unbalanced distribution of the surface tension between liquid and gas. Here work must be added to the 
system [6]. Finally the TPC expands to the equilibrium. 
The adhesion process between a single rising bubble with mobile and immobile surface (db  1 mm) 
and a stationary solid particle in stagnant liquid is studied in this project. The real particle is replaced by 
a prism with an inclined plane representing a spherical particle with infinite diameter. The study is 
focused on the expansion of the three-phase contact line. In general, such process can be measured using 
several methods – the dropping particle technique, the captive bubble technique and the freely rising 
bubble technique. The third mentioned method was used for performing our experiments. A small bubble 
rises to a solid particle and a profile of the bubble is captured using high-speed digital camera. 
1.1. Expansion of the three-phase contact line 
 The three-phase contact is created after the drainage of liquid film. Here the short-range forces take 
over the control, namely the interfacial tension, intermolecular forces (van der Waals forces), electrostatic 
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interactions and steric forces (if surfactants are present in the system) [7]. The expansion of the TPC line 
is very fast for first few milliseconds. Finally the TPC line expands to the steady state where all forces are 
in the equilibrium. The equilibrium state and simultaneously the shape of the droplet is determined by the 
Young’s relation [8]):  
  
        (1) 
 
The contact angle is the angle at which a liquid vapour interface meets the solid surface. Here, the 
solid-vapour interfacial energy is denoted as Vsg, the solid-liquid interfacial energy as Vsl and the liquid-
vapour energy as V. θ0 is the equilibrium contact angle. The Young’s equation assumes a perfectly flat 
surface, equilibrium between vapour and liquid phase and further ideal conditions. These requirements 
are usually not fulfilled; nevertheless this equation is widely used with sufficient accuracy in many 
applications.  
 The TPC expansion can be described also using mathematical models. Two models – the 
hydrodynamic and molecular-kinetic are tested in our experiments. Both of them solve the relation 
between the velocity of the expansion and the dynamic contact angle θ. The molecular-kinetic theory is 
based on the transport processes of molecules and ions. Yarnold and Mason [9] suggested this theory in 
1949 and they supposed that the expansion of the TPC is driven by the adsorption and the desorption 
processes close to the interface. Phan and co-worker have dealt in detail with this model [10,11]. The 
theory supposes that the motion of the TPC is given by the kinetics of the molecules which occurs at 
adsorption sites. The simplified relation of the TPC velocity and the dynamic contact angle is given by 
the equation: 
 
 
     (2) 
 
 
where σ describes the surface tension, θ0 is the Young (equilibrium) contact angle, θ the dynamic contact 
angle, kB is the Boltzmann constant and T is absolute temperature. The frequency of the molecular 
displacement v and the average jumping distance λ are not known precisely and are treated as adjustable 
parameters. It was found that λ should be of the order of molecular dimensions (1 nm) and a typical value 
of the v parameter is from 106 to 107 s-1 [10]. 
The hydrodynamic model [12] uses the continuity and the Navier-Stokes equations and solves the TPC 
velocity and the time dependence of the contact angle θ. The contact angle can be considered as 
a microscopic or a macroscopic. The TPC radius is given by the equation:
  
 
       (3) 
 
 
where μ describes the liquid viscosity and R/L is the ratio of the characteristic macroscopic length to 
the slip (microscopic) length and represents the adjustable parameter. The R value characterizes the 
macroscopic region and is of the order of the bubble size db. Its value can be estimated by R = 0.37 rb 
[12]. The L value describes the microscopic region and is of the order of molecular dimensions (1 nm). 
The parameter value ln (R/L) can be then estimated from these mentioned values. According to new 
findings, both theories could be combined [11]. This approach is based on the determination of the 
contact angle of the inner region close to the contact line from molecular-kinetics model (in 
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hydrodynamic model is this angle replaced by the Young angle which has almost the same value). Such 
modification could lead to better results. 
1.2. Influence of surface active agents on bubble surface mobility 
The bubble behaviour is strongly dependent on the mobility of bubble surface [13]. The mobile surface 
is expected in pure water and, vice versa, the immobile surface is considered, when surfactants or other 
impurities are present in bulk liquid. The impact of a surfactant on drag force is well known. The motion 
of bubbles in a liquid is influenced by the kinetics of surfactant transport where surfactant concentration 
varies along the bubble surface. The concentration has the maximum at the bubble rear stagnation point 
and the minimum at the front stagnation point. During bubble rise in a surfactant solution, the surface 
contamination often forms an immobile cap on the rear surface around the stagnation point. The forward 
part of the bubble surface remains mobile. Also, the leading part of the mobile surface is stretched and the 
lowest part is compressed. Due to the gradient of the surfactant concentration, an interfacial gradient 
exists along the bubble surface, retards the bubble surface and strongly affects the local stress balance on 
the boundary between a bubble and the solution.  
The influence of surfactant presence on bubble collision with horizontal plane was studied in detail by 
Fujasova-Zednikova [14]. According to these results, the presence of surfactant significantly affects the 
bouncing process. It not only decreases the initial bubble velocity, but also diminishes the bubble 
deformation after the collision and suppresses the bubble rebound from the surface. In pure water, where 
mobile bubble surface is expected, multiple rebounds were observed. Therefore, our experiments were 
provided on non-horizontal surface - on the plane with a small inclination (10o).  Here, part of bubble 
energy is expended on bubble rebound, but the bubble forward motion is still enabled. The bubble shape 
oscillation is also decreased. We hope that due to our experimental arrangement, the bubble adhesion on 
solid surface could be studied and compared for both types of bubble surface mobility. 
2. Experiment 
A freely rising bubble technique is used for experimental measurements of the three-phase contact 
expansion. The experimental measurements were done in a special glass flotation cell (50 cm height, 
8 cm width and 6 cm depth). Single bubbles were created using a bubble generator built according to 
[15].  The single bubble is generated at the top of a thin capillary (inner diameter 10 μm, outer diameter 
375 μm). A silanized glass placed on an inclined plane (inclination 10°) is used as a solid particle. 
Dimethyldichlorsilane solution - (CH3)2SiCl2 - is used as a silanization solution. Experiments were 
provided both in pure water and in aqueous solution of terpineol (concentration 200 mg/l) at 25 °C. 
Distilled, de-ionised and de-mineralised water was used at 25 °C for all measurements. The pH value was 
6.13 and conductivity 1.6 μS/cm. The surface tensions of the distilled water and terpineol solution were 
71.6 mN/m and 63.0 mN/m, respectively. Equilibrium contact angle of sessile liquid drops on silanized 
glass were measured using ADSA technique. The contact angle for pure water was 97.8°, the contact 
angle of the terpineol solution was 92.1°. According to Zisman’s method the solid surface energy Vsg of 
dimethyldichlorosilane was 22.2 mN/m. 
A bubble motion closely before the collision with the solid particle and during the adhesion was 
recorded using high-speed digital camera (2 000 fps, resolution of 1280 x 256 pixels) Redlake Motion 
Scope M2 with the macroobjective Navitar. Time of the capturing was about 0.5 s (1 000 frames). A cold 
light source Schott KL 2500 was used for lighting of the measuring vessel. Images were evaluated using 
the image analysis software NIS-Elements and calculations were performed using the MatLab software.  
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3. Results 
3.1. Experimental results 
For understanding of the whole interaction process is good to know the typical running of the 
experiment. Fig. 1 shows captured images of the interaction of the bubble with the inclined plane in pure 
water (2A) and in a solution of surfactant (2B). Every sequence begins with the approach of the bubble to 
a particle (a). Collision occurs after bubble approach to a sufficient distance to the particle (b). In the case 
experiment in pure water the bubble rebound occurs (c). After second collision the liquid film is created 
and the bubble slides along the particle surface (d). The liquid film then thins to the rupture (e), the 
adhesion occurs and the three-phase contact is created (f). The contact line expands to the equilibrium (g). 
For bubbles with immobile surface (2B), no bubble rebound was observed. Therefore steps (b) and (c) are 
missing. 
 
(A) 
 
 
 
(B) 
 
 
 
Fig. 1. Experimental record of the bubble - particle interaction; (a) approach of the bubble to the particle; (b) collision of the bubble 
and the particle; (c) rebound; (d) sliding of the bubble along the particle (e) rupture of the liquid film, (f) adhesion of the bubble, (g) 
three-phase contact line expansion; plane inclination 10°, A: db = 0.51 mm, mobile bubble surface, B: db  = 0.52 mm, immobile 
bubble surface 
A typical example of experimental results is given in Fig. 2. Here, the diameter of TPC line is plotted 
against time. The zero time was selected as the time of the collision. The bubble slides along the particle 
surface. Due to the image analysis software, the length of the liquid film (110 μm) is appeared as an 
existing TPC line. In fact, the real TPC expansion starts at W = 23 ms. Then the rapid increase of TPC 
diameter is observed. 
The experiments were provided firstly in pure water. Experiments were carried out with three bubble 
sizes (db = 0.51, 0.57 and 0.63 mm) and 10 measurements were performed for each bubble size. The same 
experiments were done for bubbles with immobile surface (experiments in aqueous solution of surface 
active agent) again with three sizes (db = 0.44, 0.52 and 0.64 mm) [16].  
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Fig. 2. Time dependence of the TPC line diameter during the bubble adhesion, plane inclination 10°, db = 0.51 mm, mobile bubble 
surface 
3.2. Dynamic and equilibrium contact angles 
The key quantity which should be known in both theoretical models is the contact angle and its 
dependence on time. In accordance with the previous analysis [16] the following relation was used: 
 
         (4) 
 
Parameters a and b were evaluated from experimental data. For W o f the equilibrium angle θ0 was 
measured. Its value does not depend on bubble size; the average value for bubbles in pure water is 
amounted to 82o and in surfactant solution is amounted to 84o. Here, it is very important to realize that 
these equilibrium contact angles (sessile bubble on solid surface) differ from angles obtained using sessile 
liquid drop on solid surface. All contact angles were evaluated using modified ADSA methodology. 
The bubble adhesion occurs on inclined plane, therefore different contact angles should be consider on 
left (upper) and right (lower) bubble side. During the experiments it was observed that the difference 
between upper and lower contact angle is very small and does not exceed 3o. The major differences were 
noticed in the first part of adhesion, when the process is very fast and alongside the bubble motion is most 
important. Together with bubble motion in forward direction the bubble oscillations and shape changes 
were recorded. Due to these reasons we did not distinguish upper and lower contact angles and in our 
calculations the average value was used. The time dependence of contact angle differs for different 
bubble size and bubble surface mobility. Experimental results are summarised in Fig. 3. Here the relative 
contact angle θr = θ/θ0 is plotted against time. It is obvious from these results, that the contact angle 
 
ba  W
WWT
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depends both on bubble size and bubble surface mobility. For further calculations of TPC expansion, the 
most important parameter is the bubble size. For smaller bubbles, after 10 ms the bubble holds the shape 
and contact angles close to the equilibrium state. For larger bubbles, the increase of contact angle is 
slower. 
 
 
 
Fig. 3. Time dependence of relative contact angle for different bubble sizes with mobile (grey marks) and immobile (black marks) 
surface 
3.3. Expansion of the TPC line 
Experimental results are summarized in Fig. 4, where individual sets represent the average TPC 
diameter. The origin of coordinates represents the moment of the liquid film rupture. Two phases of 
expansion can be observed. First part follows immediately after the rupture; here the TPC expansion is 
very fast. Second phase represents slow expansion to the equilibrium state.  
In agreement with the theoretical assumption, the TPC diameter increases with the bubble diameter. 
According to measurements in pure water, the equilibrium average TPC diameters are 0.62, 0.69 and 
0.72 mm for the bubbles with diameter 0.51, 0.57 and 0.63 mm, respectively. Similar results were 
obtained for surfactant solution where immobile bubble surface is expected. In this case, the average 
equilibrium TPC diameters are 0.51, 0.61 and 0.73 mm for the bubbles with diameter 0.44, 0.52 and 
0.64 mm, respectively. When results for mobile and immobile bubble surface are compared (see grey and 
black marks) one can observe similar course. Fig. 4 shows similar velocity of the TPC expansion for 
mobile and immobile bubble surface in the beginning fast phase (characterized by the slope). However, 
the motion of bubble should be influenced by the kinetics of surfactant transport where surfactant 
concentration varies along the bubble surface. Therefore, the dissimilar behaviour was expected. 
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According to our first observation, the influence of bubble size or bubble surface mobility on the TPC 
expansion is not unambiguous and should be studied in more details.  
 
 
 
Fig. 4. The average TPC diameter for different bubble sizes with mobile (grey marks) and immobile (black marks) surface 
 
Both the molecular-kinetic and hydrodynamic models were used for theoretical description of the TPC 
expansion. From experimental data, the dynamic angle θ was expressed as a time function according to 
eq. (4). Parameters of both equations (2) and (3) were evaluated using nonlinear regression.  It was found 
out that the hydrodynamic model does not give satisfactory results; the experimental and calculated data 
are not in good agreement and a value of the parameter ln (R/L) is not in accordance with physical 
assumption. The calculated parameter value ln (R/L) for each bubble size is about 100, whereas physically 
correct value should be about 10. In our opinion, hydrodynamic model is not appropriate for the TPC line 
calculation.  
The molecular-kinetic model gives better results. The experimental and calculated data are in good 
agreement, especially for second slow phase of the TPC line expansion. Moreover, two adjustable 
parameters (the frequency of the molecular displacement v and the average jumping distance λ) 
correspond to physical assumptions. The frequency of the molecular displacement v should be of the 
order of molecular dimensions (1 nm) and the average jumping distance λ should be of the order from 
106 to 107 s-1 [10]. Table 1 shows the calculated parameter v, λ in pure water (mobile bubble surface) and 
in surfactant solution (immobile bubble surface). When data in table and in Fig. 5 are compared one 
should realize one interesting fact. According to the Fig. 5 (time dependence of TPC line diameter) no 
significant differences for both types of bubble surface mobility were observed. On the other hand, 
parameter v (frequency of the molecular displacement) differs for bubbles with mobile or immobile 
surface. This conclusion corresponds to the theoretical assumption, that the presence of surface active 
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agents decelerates the bubble motion. Nevertheless, this statement should be promoted by the more 
detailed study.   
 
Table 1. Calculated parameters v, λ of the molecular-kinetic model  
 
 Mobile bubble surface  
db (mm) v (s-1) λ (m) 
0.51 1.9 x 107 0.8291 x 10-9 
0.57 1.3 x 107 0.8079 x 10-9 
0.63 5 x 106 0.9132 x 10-9 
 Immobile bubble surface  
0.44 1.3 x 106 0.9975 x 10-9 
0.52 2.1 x 106 0.8800 x 10-9 
0.64 5.8 x 106 0.7500 x 10-9 
 
 
Fig. 5 represents the comparison of experimental and calculated data for the bubble with diameter 
0.57 mm in pure water. Similar results were obtained for the bubbles with different size and type of 
surface mobility. It is possible to conclude that the molecular-kinetic model is suitable for the description 
of the adhesion of bubbles both with mobile and immobile surface. 
 
 
 
Fig. 5. Comparison between experimental data (circles) and molecular-kinetic model prediction (full line) for the three-phase 
contact line radius in pure water; db = 0.57 mm; parameter v, λ of the molecular-kinetic model are given in Table 1 
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4. Conclusion 
In this contribution, the bubble adhesion on an inclined planar hydrophobic surface is studied with the 
special attention to the three-phase contact expansion. The influence of bubble size and bubble surface 
mobility is evaluated here. The process of bubble adhesion is described both experimentally and 
theoretically.  
The key quantity which should be known in the theoretical model is the dynamic contact angle and its 
dependence on time. A simple 2-parameters relation for description of contact angle on time was 
suggested and successfully tested. According to our observations, the bubble upper and lower contact 
angles are similar and the average value of dynamic contact angle for both bubble sides could be used. It 
was found that the dynamic contact angle depends both on bubble size and bubble surface mobility. 
The molecular-kinetic and hydrodynamic models were used for theoretical description of the TPC 
expansion. In our opinion, hydrodynamic model is not appropriate for the TPC line calculation. The value 
of its parameter ln (R/L) is not in accordance with physical assumption. The molecular-kinetic model 
gives better results. Two adjustable parameters (the frequency of the molecular displacement v and the 
average jumping distance λ) were calculated and their values correspond to the physical assumptions.  
It was found that the bubble size is the most important parameter influencing the TPC line expansion. 
The influence of bubble surface mobility is surprisingly low. Only the parameter v (frequency of the 
molecular displacement) differs for bubbles with mobile or immobile surface. This conclusion 
corresponds to the theoretical assumption, that the presence of surface active agents decelerates the 
bubble motion. 
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